The heat kernel method is used to calculate 1-loop corrections of a fermion interacting with general background fields. To apply the Hadamard-Minakshisundaram-DeWitt-Seeley (HMDS) coefficients a q (x, x ) of the heat kernel to calculate the corrections, it is meaningful to decompose the coefficients into tensorial components with irreducible matrices, which are the totally antisymmetric products of γ matrices. We present formulae for the tensorial forms of the γ-matrix-valued quantities X,Λ μν and their product and covariant derivative in terms of the irreducible matrices in higher dimensions. The concrete forms of HMDS coefficients obtained by repeated application of the formulae simplifies the derivation of the loop corrections after the trace calculations, because each term in the coefficients contains one of the irreducible matrices and some of the terms are expressed by commutator and the anticommutator with respect to the generator of non-abelian gauge groups. The form of the third HMDS coefficient is useful for evaluating some of the fermionic anomalies in 6-dimensional curved space. We show that the new formulae appear in the chiral U (1) anomaly when the vector and the third-order tensor gauge fields do not commute.
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Subject Index: 131, 133, 454 §1. Introduction Several fermionic loop corrections of physical quantities appear in quantum field theory and are perturbatively described by the propagator S F (x, x ) of a fermion with the background field. Since the propagator is given by the heat kernel K(x, x ; t) in the form
where D is the Dirac operator, the zeta function ζ(p), the 1-loop effective action Γ (1) and fermionic anomalies such as the chiral U (1) anomaly A, which correspond to the corrections, are expressed by a trace formula on the product of γ matrices and K(x, x; t) in d dimensions, where d is even: Here 'Tr' denotes the trace on both the γ matrices and the generators of the gauge group, μ is a renormparameter introduced to preserve mass dimensions and γ d+1 = i d/2 γ 1 · · · γ d . The concrete forms of the above quantum quantities are derived from the explicit form of the heat kernel in the fermionic models, that should be studied. The heat kernel is obtained from the second-order differential operator H, which is the square of the Dirac operator D in the models. To obtain the explicit form of the heat kernel, some physicists have started from H = ∇ μ ∇ μ +X, where ∇ μ denotes the covariant differential operator and X is an arbitrary matrix that does not contain the differential operator, and the form of the heat kernel is expressed in terms of X, the commutator [∇ μ , ∇ ν ] = Λ μν and their covariant derivatives, although the concrete forms of these γ matrix-valued quantities have not been specified. However, when we calculate the tensorial form of the above corrections in the model in which the fermion interacts with some boson fields in addition to a vector gauge field by using the resultant form of the heat kernel, the trace calculation with respect to the γ matrix is straightforward but tedious. One may derive the tensorial form of the heat kernel by specifying X and Λ μν in a special model. In a model in which the fermion couples with different types of boson fields, we must start from the first step to obtain the form of the heat kernel. The aim of this article is to present a way of obtaining the tensorial form of the heat kernel in a generic fermion theory and to simplify the trace calculations required for the derivation of the loop corrections. The background field method has been used widely in quantum gauge theory and gravity. It is difficult to calculate these quantities exactly in the general case of arbitrary background fields. Therefore, it is more important to decide the approximation scheme that should be applied to derive the concrete forms of the loop corrections. One of the approximation schemes is the Schwinger-DeWitt asymptotic expansion in reciprocal powers of the mass of the quantum field. 1), 2) The expansion coefficients can be expressed in terms of the HMDS coefficients a q (x, x ) of the heat kernel in the covariant form with respect to gauge and gravitational symmetries.
The coincidence limit (x → x) of the heat kernel is described by the limit of the HMDS coefficients, 5) where the coincidence limit of a two-point function a q (x, x ) is defined by [a q ](x) ≡ lim x →x a q (x, x ). In the calculation of some finite loop corrections in 2n dimensions, the tensorial form of [a n ](x) (n ≥ 1) is required. The coefficient [a n ] contains many γ matrices, since [a n ] are expressed in terms of the covariant differential operator and its commutation relation, which contains contributions from all types of background fields. Therefore, the trace calculation of [a n ] becomes complicated at higher orders, because the number of terms of [a n ] exponentially increases as n grows. Several methods have been developed to derive [a n ] in terms of X and Λ μν in curved space. ] in indexfree notation using a method in which the Fock-Schwinger gauge and the geodesic normal coordinates are applied to rewrite a nonlocal quantity using a local one. 8) To simplify the calculation of fermionic loop effects, it is useful to obtain the components of the coefficients a n with respect to irreducible matrices that are the completely antisymmetric products of γ matrices. In this article, we present formulae for the irreducible form of a n for a massless fermion with spin 1/2 that interacts with all totally antisymmetric tensor fields in even-dimensional Riemannian space. Using the resultant form of a n , we can perform the trace calculation with respect to the γ matrix only once to derive the 1-loop corrections.
The boson fields interacting with fermions contract with γ matrices in the Dirac operator. Products of the γ matrices are decomposed into the sum of irreducible matrices. In this article, since the irreducible matrices are completely antisymmetric products of γ matrices, the bosonic background fields in the Dirac operator are totally antisymmetric, as shown in the following section. Moreover, we assume that the tensor fields are non-abelian and belong to a single group.
The formalism presented in this article may be applied in d = 10, N = 1 supergravity. 9) In the theory, the Rarita-Schwinger field ψ μ describes a gravitino with spin 3/2 by fixing a suitable gauge for the derivation of various loop corrections. 10) Then, regarding the vector index 'μ' of ψ μ as that of the matrices representing of the gauge group SO (10) , the heat kernel for a spinor with spin 3/2 can be expressed in terms of that for a spinor with spin 1/2. 11) Moreover, the Lagrangian in the supergravity contains not only the minimal interaction between the gravitino and the gravitational field but also four-gravitino interactions. In the fermionic 1-loop corrections, the four-gravitino interaction is treated as two-gravitino interactions with bosonic background fields, which may be decomposed into a product of totally antisymmetric tensor fields.
The chiral U (1) anomaly exists for chiral fermions in 4n-dimensional Riemannian space. When the vector gauge field couples with the fermions, the anomaly appears in 2n dimensions. In this case, all terms of the anomaly contain odd degrees of the field strength of the gauge fields in 4n+2 dimensions. 12) The anomaly in 6 dimensions has topologically similar features to that in 10 dimensions. It is expected that the features of the anomaly are preserved even in the case that the fermions couple with some tensor fields.
In §2, we derive the explicit form of the second-order differential operator H for the above fermion. Substituting H and the ansatz of the heat kernel into the heat kernel equation, a recursive relation of the HMDS coefficients a q is obtained. The formulae for tensorial forms of a q are presented in §3. In §4 the γ-matrix-valued quantities, i.e., the commutation relations of the covariant differential operator and its covariant derivatives, are expressed in terms of the totally antisymmetric tensor fields accompanying the irreducible matrices. As an example, the chiral U (1) anom-aly in 6 dimensions, in the case that a fermion interacts with a vector gauge field and the third-order tensor field, is presented in §5. Section 6 is devoted to a discussion. In Appendix A, the γ matrix-valued quantities in 6 dimensions are illustrated using the formulae given in §4. §2. The elliptic differential operator
We start from the heat kernel K(x, x ; t) for the massless fermion in d dimensions defined by (t > 0) 
where a q (x, x ) are the HMDS coefficients, σ(x, x ) is the geodesic interval * ) and In the fermion with spin 1/2 interacting with the general background fields in curved space, the second-order differential operator H in (2 . 1) is given by the square of the Dirac operator D,
with
in the tangent space is adopted in this article. In flat space, the interval σ(x, x ) is
Here and in what follows, " : μ " and "!μ " denote Riemannian covariant differentiation ∇ μ and the modified covariant differentiation D μ , respectively, and
The quantity Y is the contribution of a general boson interaction by all totally antisymmetric tensors V {j} , defined by
where L i stand for the hermitian representation matrices of generators in a nonabelian group, V {0} is a scalar field, and if j(j + 1)/2 is even (odd) then V {j} are real (pure imaginary) owing to the hermiticity of the Dirac operator D. §3.
Technique for calculating HMDS coefficients
The HMDS coefficients a q (x, x ) of the heat kernel are two-point quantities. At a sufficiently short distance for one to effectively consider the Feynman loop diagram, the coefficients in curved space are expressed by the curvature tensor, X,Λ μν in (2 . 4) and (2 . 5) and their covariant derivatives. To express the coefficients in this way, we apply the covariant Taylor expansion of the HMDS coefficients in accordance with Ref. 6).
Substituting (2 . 3) into (2 . 1), we obtain a recursive relation for a q ,
The formal operator solution of (3 . 2) is written as
3)
Expanding a q in the covariant Taylor series
where the compact notation
is used, and noting thatD|n = n|n , one can obtain
in which N q = q i=1 n i , and m|H|n are matrix elements of the operator H,
where m|H|n = 0 when n > m + 2 and n = m + 1, and
Here θ α βμ 1 ···μ n , ζ μ 1 ···μ n and A μμ 1 ···μ n are given by
Therefore, all the necessary quantities are expressible in terms of β α βμ 1 ···μ n , which has the form 16) where
Note that the indices "(μ 1 · · · μ n ) " of the derivatives of X andΛ μν in (3 . 11) and 
An irreducible decomposition of HMDS coefficients
The factors Q μ , Z, X in H and the commutatorΛ μν of D μ include γ matrices. Their products and covariant derivatives of them appear in the Taylor expansion of a q , as shown in the previous section. Therefore, if we know the dependence of these factors on the γ matrix and the rule for the irreducible decomposition of the product and derivatives of γ-matrix-valued quantities, then the irreducible decomposition of a q can be performed.
The irreducible form of
where the number [a] denotes the maximum integer not more than a. (For example, [n/2] = (n − 1)/2 for n odd, n/2 for n even.) The covariant derivative of a quantity U containing γ matrices in d dimensions is given as follows:
In d dimensions, the product of two γ-matrix-valued quantities U and W is decomposed in the following form:
We can verify the validity of these formulae in 4 dimensions by comparing them with the previous result in Ref. 13 ). * ) The formulae for X,Λ μν , D μ U and UW in 6 * ) In the expressions in Ref. 13 
) anomaly in 6 dimensions
We illustrate the chiral U (1) anomaly as an example of the one-loop correction in 6 -dimensional curved space. The anomaly (1 . 4) is expressed in terms of the nth asymptotic expansion coefficient [a n ] of the heat kernel K(x, x ; t) in d = 2n dimensions,
Therefore, in 6 dimensions, [a 3 ] leads to the concrete form of the anomaly,
whereJ μ =Λ λμ !λ , and the terms without the γ matrix are omitted from (5 . 2). For simplicity, we consider Y = γ μ V μ + γ μνρ V μνρ . ¿From the formulae given in the previous sections, the explicit form of X andΛ μν are derived as
Substituting (5 . 2) and (5 . 3) into (5 . 1) and applying the formulae in Appendix A, the tensorial form of the anomaly is expressed as
where "tr" denotes the trace only on the generators of the gauge group. In the path integral method, 14) when {γ 2n+1 , Y } = 0 in 2n dimensions, the integration of the chiral U (1) anomaly gives the Pontryagin index, which evaluates the difference between the number of left-and right-handed zero modes for the Dirac operator D. Thus, the anomaly itself should be a topological invariant and hence be totally differentiable. In fact, the first two terms in (5 . 4) correspond to the topologically invariant polynomials in the differential form and are totally differentiable because the polynomials are locally exact. 15) Therefore, all terms of the chiral anomaly should be expressed in the form of the total derivative, as shown up to the second degree of V {3} in (5 . 4) .
The two unknown terms containing the second degree of the field strength F μν in (5 . 4) are described by using the commutator of F μν . When V {1} and V {3} commute, these terms vanish owing to a property of the trace formula and the definition of the commutator, and terms containing odd degrees of the field strength remain. In 2n dimensions, if n is odd (even), then the chiral U (1) anomaly contains the terms with odd (even) degrees of the field strength. However, if non-abelian fields V {1} and V {3} do not commute, then this rule is not correct, and hence new terms containing the commutator of the fields should appear in the anomaly in higher dimensions.
In Riemann-Cartan space, the torsion tensor C ρ μν is defined in terms of the affine connection Γ We have given the rule for the product and the covariant differentiation of general γ matrix-valued quantities of the heat kernel in d dimensions, where d is even. To calculate a q , we may repeatedly apply (4 . 6) and (4 . 5) for the product and differentiation of X andΛ μν . In fact, we can perform the computation of the higher derivatives, respectively, of X andΛ μν and the product of more than two γ-matrixvalued quantities by programming the rule on a software package such as the Mathematica. However, when we naively use the rule, the resultant form of a q has an enormous number of terms. Fortunately, some terms containing a q vanish because of the symmetric indices of the derivatives of X andΛ μν in (3 . 11) and (3 . 15) .
Some quantum corrections corresponding to fermionic loop diagrams are derived from the trace calculation of the coincidence limit [a n ] of the HMDS coefficient. For example, we consider the form of Lorentz anomalies A ab in 2n dimensions, 18)
In 2n dimensions, [a n ] are decomposed with respect to the irreducible matrices,
Here, using Tr (γ 2n+1 γ ab γ μ 1 ···μ j ) = (−2i) n δ j,2n−2 abμ 1 ···μ j , (6 . 1) is rewritten as
Thus, the trace calculation of each components a {j} of [a n ] with respect to the totally antisymmetric product of γ matrices gives the quantum correction specified by the order j of a {j} . Furthermore, the calculation becomes easier when we apply the properties tr [A, B] = 0 and tr {A, B} = 2tr AB for bosonic quantities A and B.
The totally antisymmetric tensors
The HMDS coefficients may contain a product of two totally antisymmetric tensors such as
In fact, in 4 dimensions, when the antisymmetric tensor fields V {3} and V {4} in a 2 are rewritten in terms of the dual fields A σ and P , 13) some terms containing the tensors disappear. The degree of the field strength in some anomalies depends on the dimension of the space when the fermion interacts with a vector gauge field V {1} in curved space. In 2n dimensions, the covariant gravitational anomalies contain the terms with the odd (even) degrees of the field strength F μν if the highest degree, n − 1, of F μν is odd (even). However, when the fermion couples with both the vector gauge field and the third-order antisymmetric tensor V {3} , which do not commute, the anomalies may contain new terms with even (odd) degrees of F μν expressed in terms of the commutator of F μν and V {3} .
Appendix A Formulae in 6 Dimensions
In §4, the formulae giving the tensorial forms of X andΛ μν and the product and covariant derivative of the γ-matrix-valued quantities in d-dimensional curved space, where d is even, were presented. We illustrate these formulae in the case of 6 dimensions. Their resultant forms are used in §5.
The explicit forms of X andΛ μν are obtained as follows,
(A . 1)
in which the anticommutator (+) and commutator (−) are defined as
The differentiation D μ U = U !μ and the product UW have the following forms: the formula (A . 4) straightforwardly gives the tensor form of the first derivative of X orΛ αβ . If we assume U to be their first derivative, then the formula leads to the second derivative of X orΛ αβ . We obtain the tensorial form of higher derivative of X orΛ αβ by the repeated application of (A . 4). The repeated application of (A . 5) should lead to higher products of X,Λ αβ and their derivatives.
